MODEL SELECTION CRITERIA AND EVALUATION
In this section we present the models selected for estimation, the AIC values (Akaike, 1978) for the estimated models and extended graphical analysis for the models identified in Table 3 based on the quadratic function (the most successful form).
Models selected for estimation
The models selected for estimation based on the theoretical quadratic, quadratic-plus-plateau functions, and M-B function are specified in Table S1 . Table S1 . Models selected for estimation based on the Quadratic (including the Quadratic-Plus-Plateau) and Mitscherlich-Baule funtional forms. A 1 means the parameter was included in the estimation and 0 that it was excluded. 
Model

Quadratic functions (Eqs.1 & 3) M-B function (Eq.2)
AIC Values and significance of parameters
The AIC values for the 8 different quadratic models (the most successful functional form) are shown in Table S2 . The quadratic and quadratic-plus-plateau provide fairly similar fits to the data sets for all sites. Compared to the quadratic, the quadratic-plus-plateau model adds a restriction; it is based on the premise that yield will not decline as a consequence of excessive nutrient inputs. The data for Scania and Bad Lauchstädt show a decreasing trend for yield when N input reaches a critical level; which explains why the plateau model was not suitable for these sites. The advantage of the M-B function is that it allows for nutrient saturation and asymptotic maximum yield (it isn't forced to bend down), which has intuitive appeal. But it has disadvantages (Frank et al., 1990) : it doesn't allow for possible yield depression for extreme nutrient levels, nor does it allow for an initial stage of increasing returns or a final stage of decreasing returns for an added input; and-crucially for this research-it only allows for limited substitution between inputs, which could be expected when modeling the effects of different nutrients, e.g., fertilizer N and P on yield, but not necessarily for fertilizer and SOC.
The function having the minimum AIC that was at least 2 units lower than the other candidates (Table S2 ) was chosen directly as the best fitting model for this functional form and transferred to Table 3 in the main text. This was so for Scania; the full quadratic model was the best choice and all parameters are significant at the highest level. For the other sites, no single model satisfied the minimum AIC criterion. Therefore the parameters of the models with equivalently low AIC values were transferred to Table S3 ; for Bad Lauchstädt models (4), (7) and (8); Askov (2), (5) and (7); and Pendleton (1) and (3), and the best model for each site was selected based on the highest AIC weight. In this way the best model was selected from the suite of models based on each of the quadratic, quadratic-plus-plateau, and
Mitscherlich-Baule (M-B) models and transferred to Table 3 . Table S1 .
EXTENDED GRAPHICAL ANALYSIS AND VALIDATION OF MODELLED YIELD
In Fig. S1 we graph for each site the best model for each functional form reported in Table 3 for a visual comparison. All curves are plotted over the range of nitrogen applied at each particular site and according to SOC concentrations in Table S1 column "SOC End": Scania 19.0 g C kg -1 (average of Treatment IIB3); Bad Lauchstädt 1 8.0 g C kg -1 (Treatment 13);
Askov 13.0 g C kg -1 (average of Treatments 1b and 1c); and Pendleton 11.2 g C kg -1 (as measured for Treatment 5 in 1986). The year effect is included for the benchmark year according to Table S4 . As can be seen all models predict similar maximum yield and similar minimum fertilizer input to achieve this yield. The slope of the M-B curve is however somewhat different than those for the quadratic functions for Bad Lauchstädt, implying that the economic optimal N input could be affected by the choice of function (which would be an important consideration when giving advice to individual farmers). Naturally the slopes of the quadratic and quadratic-plus-plateau curves are similar among all sites. Recall though that the M-B function proved to be the least plausible for both Bad Lauchstädt and Scania, and according to the AIC weight the quadratic function is the best overall choice.
Fig. S1. Comparison of the best-fit Quadratic, Mitscherlich-Baule and Quadratic-Plus-
Plateau models for each site specified in Table 3 of main article.
In Fig. S2 we plot the entire production surface for the best-fit quadratic function for each site. Wheat yield is shown for all combinations of nitrogen fertilizer and SOC present in the underlying data (with the year effect according to the benchmark year specified in the note to Table S4 ). The production surfaces show similar general patterns among the sites but maximum yield and response to carbon differ, which is attributable to site specific characteristics. Thus changes in SOC indicate a relative change in the stock of natural capital at a particular site. It is this surface that makes it possible to estimate the effects of changing SOC on yield and fertilizer use efficiency. The production functions shown in Fig. 1 of the main text are simply cross-sections of the surface taken at different levels of SOC, with the outer curves in Fig. 2 being those for the minimum and maximum levels of SOC measured over the course of each experiment. 
Validation of modeled yields
The production functions have been modeled using time series data, which necessitates the consideration of potential year effects (see Estimation Procedures in main text). To compare the similarity of the maximum yield predicted by the estimated production functions (Figs. 1 and S.2) with observed yields we needed therefore to select a reference or benchmark year and include the year effect for that particular year in the model (which affects the height or intercept of the production function). Due to the limited range of years present in the Askov data we selected the year 2000 (or closest year to it for which we have data) for benchmarking the production functions.
In Table S4 we compare the maximum and minimum observed yields at each site-for both the entire dataset (All years) and for the benchmark year (Benchmark)-to the modeled maximum and minimum yield for each site. The differences between the observed and modeled yields are a result of the linear regression procedures, with the modeled yields lying between the extremes of the observed yields. This is consistent with the modeled yields reflecting normal or average yields. For all sites the modeled maximum yield is lower than the observed maximum yield across all years, and the modeled minimum yield is higher than the observed minimum yield across all years. Therefore we can conclude that the modeled yields are reasonable in comparison to the observed ranges of yields. with the shown signs to comply with regularity conditions for a crop production function.
Since the yield function Eq. (S.1) is concave the optimality conditions for maximum yield are:
( )
For a maximum both equations need to be zero and the determinant of the Hessian This last condition stems from the condition that for a maximum the determinant of the Hessian should be greater than 0, while the second derivative with respect to C (or N) should be negative.
Maximum Yield for Bad Lauchstädt
For Bad Lauchstädt the marginal physical productivity of C is positive over the entire range of observed values for C and N (becoming zero when 
